Abstract: Synthetic aperture with Fresnel elements (SAFE) is an incoherent holographic imaging system in which the complete hologram is a mosaic of several holograms captured from different points of view. In this paper we investigate a new scheme of SAFE which may be used as a basis for designing a new type of synthetic aperture telescopes. Laboratory in-door experiments may provide the proof of concept for such a new design. 
Introduction
Synthetic aperture is a well-known super-resolution methodology which elevates the imaging capabilities of various ground and satellite telescopes [1] [2] [3] . Synthetic aperture extends the resolution capabilities of an imaging system beyond the theoretical Rayleigh limit dictated by the system's real aperture [4] . Using this technique, several measurements acquired by an aperture-limited system, from various locations, are combined together into one large pattern which can be captured only by a virtual system equipped with a much wider synthetic aperture. Governed by this general principle, there are various types of synthetic aperture telescopes, such as the Michelson stellar interferometer [1] and the Very long baseline interferometer (VLBI) [2, 3] . Yet, these telescopes' image of objects, that are very far from the telescopes, is such that the curvature in the wavefronts arriving from the objects is negligible. Formally this condition is expressed by the inequality z s >>B 2 /λ, where B is the telescope baseline length, λ is the wavelength, and z s is the distance from the telescope to the object.
The utilization of holographic imaging methods for synthetic aperture is usually restricted to coherent imaging [5] [6] [7] . Therefore, the use of this technique is limited only to those applications in which the observed targets can be illuminated by lasers. Synthetic aperture carried out by a combination of several off-axis incoherent holograms in scanning holographic microscopy has been demonstrated by Indebetouw et al. [8] . However, according to this method, although it is a technique of recording incoherent holograms, the object should also be illuminated by an interference pattern between two laser beams.
Synthetic aperture with Fresnel elements (SAFE) [9] represents a new type of passive incoherent holographic systems operating in a synthetic aperture mode. SAFE is passive in the sense that it images self illuminated objects or objects which are illuminated by other incoherent sources not related to SAFE. The term incoherent light here means quasimonochromatic spatially incoherent light. The holographic concept is based on the recently invented Fresnel incoherent correlation hologram, dubbed FINCH [10] [11] [12] [13] . In FINCH, incoherent light is reflected or emitted from a three dimensional object, then propagates through a spatial light modulator (SLM), and finally is recorded by a digital camera. The SLM's pattern is used as a diffractive beam splitter of the incoherent interferometer, so that each spherical beam, originated from each object point, is split into two spherical beams with two different curve radii. Accumulation of the entire interferences of all of the couples of spherical beams creates the Fresnel hologram of the observed object. Three holograms are recorded sequentially, each for a different phase factor of the SLM. The three holograms are superposed in the computer, so that the result is a complex-valued Fresnel hologram that does not contain the twin image and the bias term. SAFE digitally arranges several sub-holograms into a complete Fresnel hologram of the observed object, where each hologram is acquired by a limited-aperture FINCH-like system from different points of view. SAFE indeed improves the resolution performance of lensless FINCH, however the resolution gain in the earlier experiment has been less than the ratio between the synthetic and the real apertures [9] .
In this paper we propose a new scheme of SAFE and investigate its potential in the future to become a telescope for imaging nearby objects. In contrast to the telescopes mentioned above, the distance to the objects of the proposed telescope is limited by the inequality z s <B 2 /λ. Due to its potential task, and in order to distinguish it from earlier systems, we dub the present configuration 'telescopic SAFE' (T-SAFE). The term synthetic aperture herein means time (or space) multiplexing of several Fresnel holographic elements captured from various viewpoints by a system with a limited real aperture. The synthetic aperture is implemented by shifting the system, located across the field of view, among several viewpoints. At each viewpoint a different mask is displayed on the SLM, and a single element of the Fresnel hologram is recorded (See Fig. 1 ). The various holograms, each of which is recorded by the real aperture system during the capturing time, are tiled together so that the final mosaic hologram is effectively considered as captured from a single synthetic aperture which is much wider than the real aperture.
In T-SAFE, due to a modification of the original SAFE setup, the resolution gain is indeed equal to the ratio between the synthetic and real apertures. The lensless T-SAFE system contains a band-pass chromatic filter (BPF) if the source is polychromatic rather than quasimonochromatic. In case T-SAFE is implemented using polarization-sensitive SLM, a polarizer is introduced to the system. However in the following we propose an alternative configuration of T-SAFE, and for such systems neither SLMs nor polarizers are needed. As in SAFE, the sub-holograms are recorded by a digital camera, then they are arranged in the computer, and the mosaic hologram is digitally reconstructed.
Analysis of telescopic SAFE
An example of the earlier SAFE system with the synthetic aperture, which is three times wider than the real aperture, can be seen in Fig. 1 . To simplify the demonstration, the synthetic aperture was implemented only along the horizontal axis. In principle this concept can be generalized for both axes. In SAFE shown in Fig. 1 , the whole system moves in front of the object. The complete Fresnel hologram of the object, located at some distance from the SLM, is a mosaic of 3 holographic elements, each of which is recorded from a different point of view by the system with the real aperture which is xy AA  in size. Each tilted diverging spherical wave in the   , mn -th exposure is split into two waves by the SLM mask. Based on our earlier experience with the technology of phase-only SLMs [9] [10] [11] [12] [13] , the efficient way to split the wave is implemented by displaying one quadratic phase pattern on half of SLM pixels and one constant phase pattern on the other half of SLM pixels. This overall pattern is approximated by the following expression for the SLM mn-th subpattern P mn (x,y):
P mn (x,y) is a sum of aperture-limited quadratic phase and constant phase functions. (1) is a mathematical simplification of the real SLM pattern because the general complex function P mn (x,y) is implemented by a phase-only SLM. Due to this simplification there is a gap between the predictions of the analysis and the experimental results. Fortunately, for T-SAFE as shown in the following, we have been capable of presenting an alternative method of displaying the two masks on the SLM, a method which is simple enough to be analyzed without any approximation. Therefore, the experimental results in this study are closer to the theoretical predictions than ever before [9] [10] [11] [12] [13] . However, before getting to the final configuration of T-SAFE, we analyze the prior SAFE from which T-SAFE Fig. 1 . Scheme of SAFE operating as synthetic aperture radar to achieve super-resolution. P, polarizer; BPF, bandpass filter; SLM, spatial light modulator; and CCD, charged coupled device.
has been unavoidably developed. Going back to the analysis of the system response to a point source, due to the SLM diffractive element we realize that there are two waves propagating from the SLM plane a distance h z till they are recorded by the digital camera. The complex amplitude on the camera plane   
where the asterisk denotes a two dimensional convolution, and without the loss of generality, we assume that M and N are odd numbers. Neglecting diffraction effects of each aperture xy AA  along distance h z and following straightforward calculations [9] , the intensity distribution recorded by the digital camera is expressed by the following: 
Assuming the FINCH system is diffraction limited, the minimum resolved object size is shown by:
where ,
SLM H
DD are the diameters of the SLM, and the digital hologram, respectively.
in NA and out NA are the numerical aperture at the input and output of the complete holographic system, respectively. As expressed by Eq. (4), in FINCH the resolution limitation can be dictated by either input or output apertures. The NA in is determined by the SLM size and cannot be changed by the system free parameters. However the product NA out M T is dependent on the system parameters and our goal should be to keep this product equal or larger than NA in , in order not to reduce the resolution dictated by the input aperture. Therefore, referring to Eq. (4), an optimal FINCH satisfies the inequality as follows:
In this inequality all the parameters are well defined except the diameter of the hologram. The hologram size is dependent on the overall size of the reconstructed image. Assuming the observed object is much smaller than the overall size of the field of view, as is frequently the case in telescopic observations, its image is much smaller than the SLM size. 
and Eq. (6) . dh fz 
In other words the optimal configuration, in terms of resolution for T-SAFE, is achieved when the focal length of the positive diffractive lens displayed on the SLM is smaller than the distance between the SLM and CCD. This condition is fulfilled by the setup of Fig. 2(b) . In this case, the resolution is determined by the input aperture and therefore, increasing synthetically the input aperture by N times improves the overall resolution by N times. It should be noted that, as has been demonstrated in Ref. [13] , in case that the observed object (7) it is obvious from Fig. 2(b) that if each sub-mask of T-SAFE contains both quadratic and constant phase pattern, the split waves are detected in two separated areas on the CCD and therefore there is no interference between them. In particular, in order to get interference between the spherical and the plane waves for every sub-hologram of T-SAFE and for every object point, we should use two separated sub-masks located at the two opposite sides of the optical axis, each one for different type of waves, the spherical and the plane waves. This situation is depicted in Fig. 2(c) . We conclude that for the case of T-SAFE, contrary to SAFE, it is not enough to move the observation system as one unit, like it is shown in Fig. 1 . In order to record each sub hologram, two optical elements have to be moved in two opposite directions as shown in Fig. 3 . On the one hand this configuration has the disadvantage of shifting two elements in opposite directions, and of interfering the two waves from a distance that grows with the size of the synthetic aperture. In this sense T-SAFE is similar to the VLBI [2] . However, on the other hand, the important advantage of T-SAFE over SAFE and FINCH is that each phase function, the quadratic and the constant phases, are displayed solely on a different optical element. Consequently we can display them directly on the phase-only SLM without any manipulations of spatial multiplexing. The analysis described above is no longer an approximation but an accurate description of the system. Moreover, since the most of large telescopes in the optical regime are equipped with mirrors, we suggest implementing T-SAFE with set of mirrors of two types, planar for the constant phase and spherical (or paraboloidal in case of non-paraxial imaging [14] ) for the quadratic phase, as is shown in Fig. 3 . Figure 3 presents four interfering steps needed to obtain the synthetic aperture hologram which is four times larger than the available real aperture. In this process, at each step, a different part of the complete quadratic function is carried out by the spherical mirror (or displayed on the SLM in our experiment). The converging spherical wave interferes with the wave arriving from the planar mirror located in the opposite side of the optical axis. Note that in present in-door experiments the phase-only SLM is still used rather than the mirrors configuration, because it is easier to implement the phase shifting procedure by the SLM, and there is no need for an additional phase modulator as it is in case of the mirrors configuration.
The required mn-th sub-pattern P mn (x,y) for the mn-th sub-hologram of T-SAFE is given by the following expression: It is clear from Eq. (8) that the sub-pattern P mn (x,y) comprises two separate parts, one with the quadratic phase mask which is located at (mA x ,nA y ), and the other with the constant phase mask which is located at (-mA' x ,-nA' y ), where the ratio between the steps of two parts is given by Eq. (9) as follows: ' ' .
The new point spread function (PSF) of the overall recording system of the entire M × N subhologram is given by Eqs. (2) and (3), where P mn (x,y) of Eq. (8) [instead of Eq. (1)] is substituted into Eq. (2), and the sums in Eqs. (2) and (3) count from (-{M,N}/2) to {M,N}/2-1, in which it is assumed this time that M and N are even numbers.
As mentioned earlier, Eq. (3) (10) Since the overall PSF given in Eq. (3) is identical to the PSF of the previous works [10] [11] [12] [13] , the mosaic hologram given in Eq. (3) is a Fresnel incoherent hologram of the object but with the property that this hologram has been recorded with the effective aperture which is M·A x × N·A y in size. The method to eliminate the twin image and the bias term [two terms out of three presented in Eq. (3)] is the same as has been used before [9] [10] [11] [12] [13] ; three elemental holograms of the same object and for each point of view are recorded, where each of the SLM's phase mask has a different phase constant within the quadratic phase only. The final holographic element is a superposition of three recorded elements according to, for instance, Eq. (5) in Ref. [10] . The digital reconstruction of the final complex-valued mosaic hologram is conventionally computed by the Fresnel back propagation [15] .
In the specific example where   
where , , 1, 2.
sk h sk h rk rk ss
It is assumed in Eq. (11) that both object points are close enough to the origin so that we can assume
According to Eq. (11), a feasible separation of two points at the object plane is subject to the ability to record at least one cycle of the cosine term by the effective aperture of the system.
Experimental results
T-SAFE has been tested in the lab by the system shown in Fig. 4 . The tested object in all of the experiments has been represented by two uncorrelated point sources created by two independent HeNe lasers, each with 632 nm wavelength. The two laser beams have been focused by two lenses at focal distance of 6 cm, creating two diverging spherical waves with a transverse cross-section on the SLM plane that is much wider than the SLM size. One of the lasers has been placed on top of a horizontal micrometer shifter to allow modification of the distances between the two point source objects. The distance s z between the point source objects, i.e., from the back focal point of two lenses, and the SLM is 8 m. The distance h z between the phase-only SLM (Holoeye, PLUTO, pixel size 8 μm, 1080 × 1920 pixels array) and the digital camera (PixelFly, pixel size 6.7 μm, 1024 × 1280 pixels array) is 88 cm. The real aperture in the experiments has been chosen to be one quarter of the complete physical aperture of the SLM, i.e., 1080 × 480 pixels, and the synthetic aperture has been chosen to be as large as the complete physical aperture of the SLM, i.e., 1080 × 1920 pixels. The results of three conducted experiments are summarized in Fig. 5, Fig. 6, and Fig. 7 , respectively. In the first experiment a comparison has been made between the complete aperture and the real aperture holograms recorded according to the setup of a regular FINCH. In the first experiment the gap between the points has been set at 1 mm. Figures 5(a) This focal distance guarantees optimal resolution, according to Eq. (7), and also assures that the complete hologram diameter obtained with the SLM full aperture is equal to the detector size, according to Eq. (6) . Each of the three masks on the SLM has sequentially one of the three different phase factors: 0°, 120° or 240°. As mentioned above, these three phase masks with different phase constants are required in order to eliminate the bias term and the twin image from the holographic reconstruction.
The three recorded holograms are superposed according to the same superposition equation given in Ref. [10] . Figures 5(c) , 5(d) and Figs. 5(g), 5(h) are the magnitude and the phase of the superposed holograms for the complete and the narrow apertures, respectively. Resolved and unresolved best in-focus reconstructed planes, for 1 mm gap between the source points, are shown in Fig. 5(i) , for the complete, and in Fig. 5(j) , for the narrow apertures, respectively. It can be seen that the resolution along the horizontal axis of the reconstructed image, computed by Fresnel back propagation, is worse for the narrow aperture than for the complete aperture because the hologram of the former contains less than one cycle of the cosine term presented in Eq. (11) . In terms of the Raleigh criterion, our narrow aperture system can resolve a point gap larger than 1. present the best in-focus reconstructed planes for a gap between the points that has been set to 1.5 mm and 2 mm, respectively. It can be seen that the narrow aperture system can hardly resolve a point gap of 1.5 mm as indicated by the Raleigh criterion, however for the 2 mm gap, a considerable separation is clearly seen. In the second experiment, the synthetic aperture mechanism of T-SAFE has been tested and verified. In this occasion the distance h z between the SLM and CCD and the focal distance of the diffractive lens displayed on the SLM have remained the same, 88 cm and 55 cm, respectively. Twelve different phase masks have been displayed on the SLM, three for each sub-aperture; left most, left, right and right most. Each of the masks has real aperture of 1080 × 480 pixels. In each of the four locations, masks at every location sequentially have one of the three different phase factors: 0°, 120° or 240°. The parts of the SLM, on which there is no quadratic function, use flat mirrors with the same constant phase value for the entire holograms. Figure 6 (q) and Fig. 6(r) are the magnitude and the phase of the mosaic hologram, respectively. The best in-focus reconstruction result of the mosaic hologram, computed by the Fresnel back propagation, is depicted in Fig. 6(s) . The two observed point source objects with a 1 mm gap between them are seen well in the reconstructed image, indicating that the synthetic aperture is wide enough to acquire the significant part of the horizontal spectral information of the objects. 
Discussion and conclusion
The main feature of T-SAFE is that its synthetic aperture increases the transverse resolving power by the ratio between the real and synthetic apertures. The captured hologram is of Fresnel rather than Fourier type, which means that the information distribution over the hologram can be controlled by modifying the system parameters. Drawing nearer to the image plane, by choosing f d closer to z h , also increases the similarity between the hologram and the observed object, whereas recording the hologram far from the image plane (f d << z h ) distributes the recorded information more globally over the hologram plane. The nature of the observed objects determines which of the above options is preferred, but using Fresnel type holographic system enables us to choose between local and global distribution of the information.
Unlike the VLBI concept [2] , T-SAFE does not sample the captured images, or to be more precise, it does not sample up to the level of the electrical detection. The mosaic hologram obtained by T-SAFE is equivalent to a single continuous Fresnel hologram captured once, by a virtual system equipped with the wide synthetic aperture. In comparison to a hologram composed from spatial samples like in the VLBI, the hologram of T-SAFE contains more information which is actually the information of the samples and also information of adjacent areas. Even if the sub-holograms of T-SAFE are not spatially connected (scenario that has not been checked yet), the structure of the synthetic mosaic hologram consists of several nonconnected patches and also contains more information than a hologram composed only from samples in the centers of these patches, that was the case with the VLBI.
Thus, in this study we have proposed and demonstrated a process of recording incoherent holograms in a synthetic aperture mode which may be used as a conceptual basis for a new type of incoherent synthetic aperture telescopes for relatively nearby objects.
